In this paper, we show a numerical model of gridded radio-frequency (RF) ion thrusters. The model consists of a set of self-consistently coupled equations based on conservation of charge, energy, and mass inside the system. Those 0D models are again coupled to a 3D quasi-stationary electromagnetic field solver which offers the opportunity of evaluating arbitrary induction coil and discharge chamber geometries in fairly reasonable simulation time. Several input parameter sets can be computed in parallel due to multi-core implementation. Therefore, the model presented can be regarded as a toolbox for ion thruster engineering purposes and rapid virtual prototyping. The model predicts electrical parameters such as thruster and plasma impedance as well as propulsive performance data. It is thus possible to use it for finding optimized coil and chamber geometries together with optimized input parameters (coil current, volumetric propellant flow rate, and extraction grid voltages) in order to obtain improved mass and electrical efficiency. To prove the validity of the model, performance mappings experimentally performed on a RIM-4 RF ion thruster assembled at the University of Giessen are used to verify the computed data.
Introduction
Radio-frequency (RF) ion thrusters have mainly been used within attitude and orbit control systems (AOCS) for in-orbit satellite stabilization; e.g. north-south station keeping (NSSK), for nearly the last two decades. 1, 2) Beside that dominant application, the potential of using RF ion thrusters for orbit raising maneuvers was recognized in the early 2000s during the ARTEMIS mission.
3)
Ever since, electric propulsion-headed by Hall and RF ion thrusters-can be regarded as a substantial subsystem of state-of-the-art satellite missions. Despite grid retardation effects, RF ion thrusters illustrate the more promising concept in terms of efficiency and achievable specific impulse. 1) However, since the RF ion thrusters' inductively coupled plasma needs to be supplied by a RF generator (RFG), the whole propulsion system consisting of thruster and generator has to be taken into account when discussing its efficiency. To achieve high overall efficiency RIT RFG ,       both thruster efficiency η RIT and generator efficiency η RFG have to be optimized. The optimization of the latter can be realized by adequate control mechanisms and matching networks to ensure low-loss power coupling.
In this paper, we show a numerical model of gridded RF ion thrusters that evaluates thruster performance data, such as specific impulse I sp and thruster efficiency RIT el m      , where η el denotes the thruster's electrical and η m its mass efficiency, with respect to its input parameters; i.e., coil current phasor Ĩ c , volumetric propellant flow rate Ṽ, and extraction grid voltages V acc and V dec . Moreover, the impedance loading the generator at its terminals is evaluated for each parameter set. Based on that functionality, the model can be used to perform geometrical modifications of the coil and discharge chamber and the above mentioned input parameters at the same time. The impedance for each structural and input parameter set is furthermore calculated so that the model may be used as an engineering toolbox in virtual prototyping processes.
Model Implementation
The presented model comprises three nested one-dimensional conservation equations as well as a three-dimensional electromagnetic field solver that offers the opportunity to handle arbitrary coil and discharge chamber geometries. A flow chart of the implemented algorithm is shown in Fig. 1 .. A detailed description of the implementation is given in 4).
The user input is divided into two parts-structural data and signaling parameters. The input signals are based on a real RF ion thruster's signals; i.e., angular RF ω, volumetric flow rate of propellant gas (argon or xenon) V̇, coil current phasor Ĩ c , accelerating voltage between screen and acceleration grid V acc , and decelerating voltage between acceleration and ground grid V dec . Those parameters are also shown in Fig. 2. (a) which depicts a schematic image of an electric propulsion system consisting of the actual RF ion thruster and its peripheral actuators; i.e., mass flow controller (MFC), RFG and DC supply, positive high extraction voltage (PHV), and negative high extraction voltage (NHV). For the sake of completeness, a neutralizer is also shown. However, this neutralizer is not taken into account in the numerical model. Figure 2 . (b) shows a numerical implementation of the propulsion system to allow rapid virtual prototyping. It is meant to facilitate the relations between physical system and its software representation. For this purpose, only relevant input and output parameters-that can directly be projected onto the real system-are shown.
The iterative simulation process starts with a calculation of the volume-averaged electron temperature T e within the charge conservation model, assuming a Maxwellian energy distribution of electrons and only singly charged ions. 5, 6) , neutral particle density n n , effective plasma size d eff , and ionic mass m i , is solved for T e using Newton's method. 4, 7) As mentioned above, a Maxwellian distribution of electrons is assumed; hence, an analytic expression for the rate constant for ionization can be derived:
Here,   denotes the mean Maxwellian electron velocity, with electron mass m e . The effective plasma size can be obtained by using the sheath-to-edge density factors given in 8) that estimate the decrease of electron density towards the discharge chamber walls. This decrease is crucial to satisfy quasi-neutrality within the plasma bulk; i.e., e i , n n  due to differing electron and ion flux towards the wall. With h r and h p denoting the sheath-to-edge factors for radial and planar walls, respectively, the effective plasma size within a cylindrical discharge chamber calculates to:
In Eq. (3), l 0 denotes the discharge chamber's axial length and r 0 its inner radius, respectively. By handling the plasma as a globally uniform fluid and by defining suitable initial parameters (that are iteratively brought to convergence throughout the simulation task), discharge pressure p, bulk charge carrier density 0 e i , n n n   neutral gas density n n , and their corresponding temperatures (in volts) T e , T i , and T n , are related by the ideal gas law:
Furthermore, following 5) and 6), the ions are assumed to be thermalized with the neutrals. This is due to their extensive inertia caused by high atomic mass which hinders them to follow the quickly changing electric field which again thwarts electromagnetic heating of the ions. Once a stable electron temperature is obtained from Eq. (1), electron-neutral collisional rate constants for elastic and inelastic collisions K = <(v e )> e v with  denoting an atomic cross section and v e the velocity of an incident electron, are obtained by assuming immobile background gas 5) and averaging over a Maxwellian distribution:
The xenon cross sections used in this work were obtained by Hayashi in 9) and taken from a database shown in 10). The rate constant for elastic collisions K m can be used to determine the electron-neutral collision frequency for momentum transfer:
Furthermore, electron ion-collisions are incorporated, although they seem to play a minor role at low degrees of ionization. The corresponding collision frequency can be approximated by: 
In Eq. (7), the Coulomb logarithm is given by   Additionally, collisionless stochastic heating is incorporated in terms of a collision frequency  stoc that describes how electrons, which traverse the electric field layer faster than the duration of one RF cycle, gain net energy from this field. 5, 6) Stochastic heating is regarded as the dominant heating mechanism at lower discharge pressures where m 1    is satisfied. 5, 6) The stochastic collision frequency calculates to 
Finally, the plasma conductivity can be derived using a Drude model: The approximation is valid in the quasi-stationary electromagnetic regime where only evanescent fields exist and thus the displacement term i 0 can be neglected.
12)
Typical RF ion thrusters work within this regime which corresponds to frequencies covering the single-digit MHz range.
1)
The coupling of the plasma and the induced electromagnetic fields is calculated in the 3D electromagnetic model. Within the quasi-stationary electromagnetic regime the diffusion equation
with vacuum permeability  0 and coil current density Jc, can be solved for the vector potential Ã which again can be used to obtain the induced electric field Ẽ and magnetic induction , B  respectively:
Equation (13) is valid in the plasma bulk where 0,   where  denotes the scalar potential. 5, 6, 12) All occurring vector fields are represented in phasor notation, assuming harmonic fields only. This is a straightforward assumption because the thruster coil is typically driven by a resonant network of high quality. The correspondence between time signals and phasors is given by E(t) = Re{Ẽ exp(it)} (exemplified by the electric field). The phasor contains information about magnitude E and phase  according to (11) is solved by a Finite-Difference-Method (FDM) 7-point-stencil for the Laplacian operator 2  in Cartesian coordinates, as shown in Fig. 3 .. With this functionality, arbitrary coil geometries can be handled. This is regarded as crucial since most numerical models of RF ion thrusters use 2D rotational symmetric methods-or even 1D and 0D methods-which cannot predict the axially induced field components caused by the pitch of the coil. [13] [14] [15] [16] ..The discrete form of the Laplacian operator in Cartesian coordinates can be derived by a Taylor expansion and subsequent dropping of the discretization error, as shown in 17):
In this equation, i, j, and k denote the indexes in x-, y-, and z-direction, respectively, h the node distance between two adjacent mesh nodes, and f an arbitrary function (e.g. the vector potential). Applying this discrete form to Eq. (11) will lead to three systems of linear equations (one per dimension x, y, and z) which have the form
Here, (M) denotes a sparsely populated square system matrix of order N unknown complex values of the vector potential at the grid notes and the corresponding set of boundary conditions and source terms, respectively. The vector potential values at each mesh node are obtained by iteratively solving the sparse system matrix using the successive over-relaxation (SOR) method. 18) Methods to solve
consume too much memory and are thus not efficient, even if applicable.
With the vector potential, Eq. (13) yields the induced electric field within the simulation domain (inside and outside the plasma / thruster). The electric field, together with the plasma conductivity from Eq. (10), can now be used to determine the induced plasma current density Jp by applying Ohm's law:
Since the plasma conductivity is zero outside the plasma; i.e., the discharge chamber, there are only currents induced within the discharge chamber volume. To obtain a lumped-element representation of the discharge-which is the ultimate goal of the model-the current density is volume-averaged using cylindrical coordinates (which is considered useful due to the helical current paths for typical RF ion thruster geometries):
The volume-average is taken according to
where A eff denotes the effective areas the current density components pass through. Those areas are affected by the skin effect that limits the field penetration depth:
This assumption is valid for most stable operating regimes of RF ion thrusters satisfying m,eff    as shown in 1), 5), and 6). The effective areas calculate to: A l
eff, 0
Next, the energy conservation model is called. The absorbed power within the electromagnetic fields inside the discharge volume V is then calculated under consideration of the LHS of Poynting's theorem:
Here, * denotes a quantity's complex conjugate. The integration is evaluated using the trapezoidal quadrature rule.
7)
For self-consistent treatment between electromagnetic fields and plasma discharge, the absorbed power must equal the sum of losses; i.e., the power lost due to elastic and inelastic collisions given in an energy balance from 19) and the power lost at the walls due to electron flux  e A w :
    e abs 0 m,eff e n n ex ex 0 iz e s e w iz iz
In Eq. 
Equation (26) is iteratively solved for the bulk charge carrier density n 0 using 0 0 n iz n n n K   until the degree of ionization   0 n 0 n n n    converges. With the upper information, the inductive discharge in the plasma is adequately described. The extraction model is then called to evaluate the ion extraction's influence on the plasma and the propulsive performance of the thruster. Assuming a homogeneous plasma sheath, as depicted in Fig. 4 ., a modified version of Child-Langmuir's law is used to calculate the amount of extracted current. [20] [21] [22] The modified version takes an effective length l e = l s + t s +l g for ion acceleration into account that contains screen grid thickness t s , inter-grid distance l g , plasma sheath size ls, and a scaling parameter  that is used for compensation of the influence of the plasma meniscus on ion extraction:
Here, N h denotes the amount of extraction holes in the extraction system and d s denotes the diameter of the screen grid's extraction holes. The scaling parameter is found to be a strong function of the extraction system geometry, the amount of extracted ion beam current, and the applied acceleration voltage, respectively. Therefore, it is necessary to define a set point value of extracted ion current and use control mechanisms to iteratively reach the desired output. An empiric expression for the scaling parameter was derived for a fixed set of acceleration voltages; i.e., V scr = 1250 V and V acc = -150 V:
The geometrical quantities correspond to those given in Fig. 4 .. I b,set denotes the set-point value of extracted ion beam current. The scaling parameter was obtained by assuming that it is determined by quantities that affect the plasma meniscus; i.e., extraction voltages and charge carrier density n 0 . Since all simulations are performed for a given set of extraction voltages only the influence of charge carrier density remains. As can be seen afterwards, the charge carrier density also determines the extracted ion beam current I b . Hence, the compact expression in Eq. (29) could be formulated. More information on that subject is given in 4).
To obtain the sheath size l s , the intrinsic extractable ion current density (with floating screen grid) is used. It calculates to
The corresponding current is space-charge-limited within the plasma sheath length by the voltage across the sheath V s . Therefore, the unmodified Child-Langmuir's law can be applied: Since quasi-neutrality within the bulk forces electron and ion flux densities at the floating walls to be balanced; 5) i.e.,  e =  i , the ion flux density at the floating screen grid can be expressed as (with  i = J p,i /e):
Substituting this with Eq. (27) the voltage across the sheath is obtained:
Setting the plasma potential  p = 0, the wall potential calculates to  w = -V s . This is due to the walls charging negatively caused by higher electron mobility.
5)
The flux of neutral particles leaving the thruster through the extraction system is obtained using Eq. (27) , neglecting the Boltzmann factor due to absence of electric charge: 2 n n n n 0
In this equation, n v denotes the mean thermal velocity of neutral particles, d 0 the discharge chamber's inner diameter, and  n the extraction grids' opening fraction for neutrals. The opening fraction is obtained by relating the extraction hole area to the total grid area. 22) With this information, the mass efficiency of the thruster can be estimated by 
The corresponding volumetric flow rate in sccm is obtained using the density of the gas :
To close the self-consistent loop the discharge pressure is iteratively updated using a modified version of a conservation equation from 22):
In this equation, k denotes the actual iteration step, k V   the volumetric flow rate in the k-th iteration, and  a factor which is automatically decremented in case of numerical oscillation.
Since the iterative description of the plasma discharge in the presence of ion and neutral extraction is now brought to convergence, the transformer model is called. Inductive discharges are commonly described by a transformer circuit, as introduced in 23). As depicted in Fig. 5. (a) 
 
The impedance of the coil alone-which corresponds to the transformer primary-is obtained by a 3D magneto-quasistatic model based on Biot-Savart's law. Detailed information can be found in 24) and 25). The plasma impedance is given by the energy storage inductance caused by the plasma current L flux , the inductance due to electron inertia L p , and the plasma resistance R p . Both circuits are coupled by a mutual inductance M which is obtained using Kirchhoff's law on primary and secondary. 6) The lumped elements calculate to: 5, 6, 23) 
In Eq. (41), Ĩ p denotes the plasma current and U m the magnetic energy within the simulation domain. It is obtained by numerical integration of
with magnetic field vector 0 ,
as given in 12). Furthermore, U m,0 denotes the magnetic energy without the plasma being ignited.
The transformer circuit can be transformed to its series load representation, as depicted in Fig. 5. (b) , using circuit theory:
The implementation of the performance model is straight forward since closed-form solutions can be used due to converged plasma and propulsive parameters. First, an energy balance that relates the ions' kinetic energy to their potential energy is solved for the velocity of the accelerated ions leaving the thruster via the extraction system:
With Eqs. (28) and (35), the generated thrust is obtained:
Since neutral particles leaving the thruster hardly contribute to the generated thrust due to low thermal velocity (they are assumed to be thermalized with the wall temperature which is set to 400 K) an effective exhaust velocity v eff is derived with aid of Eq. (37): Based on that, the thruster's specific impulse can be derived as
with g denoting standard gravity. Both, specific impulse and mass efficiency from Eq. (36) basically describe the thruster's efficiency regarding propellant consumption. However, for finding optimized sets of input parameters the overall efficiency of the thruster has to be considered. For this reason, electrical efficiency is also taken into account. It relates the actual beam power I b (V acc -V dec ) to the power absorbed in the plasma, given in Eqs. (25) and (26):
Simulation Results and Verification
A RIM-4 RF ion thruster developed at the University of Giessen is evaluated in this section. The geometrical parameters of the thruster are given in Table 1 , with inner coil radius r c , number of coil windings N c , coil wire diameter d c , discharge vessel wall thickness t v , and acceleration grid hole diameter d a . The threshold potentials for xenon used in the simulations are  ex = 8.32 eV,  iz = 12.13 eV, as given in 9).
According to 27) the ion-neutral momentum transfer cross section approximates to Figure 6 . (a) shows the electron temperature and the discharge pressure with respect to the volumetric xenon flow rate for different extracted ion beam currents. The discharge pressure curves go through a minimum because at lower flow rates electron temperature as well as ionization fraction (cf. Fig. 6. (b) ) increase, leading to an increase in pressure according to Eq. (4). When going to higher flow rates, electron temperature and ionization fraction asymptotically approach stable values and their influence on the discharge pressure is almost negligible. But the amount of neutral particles entering the system increases, as can be seen in Fig. 6. (b) . This again leads to an increase in pressure due to the term related to the neutral particles in Eq. (4). Their influence is weaker than that of the electrons. Hence, the minimum is stretched and shifted depending on the amount of extracted ion beam current. The simulations are unstable for constellations of high extracted current and low volumetric flow rates. This is due to an increasing Knudsen number, that relates the mean free path of the most infrequent modeled collision process  in ; i.e., ion-neutral collisions, to the characteristic length between collisions l char . With this functionality, a worst-case scenario is defined that predicts the validity of the fluid assumption. According to 28) fluid assumptions are generally regarded valid up to Kn ≤ 0.1, but sometimes yield useful output in the area Kn < 10. In the latter case, experimental verification of the output is inevitable which is shown below. The corresponding Knudsen numbers of each simulated data point are shown in Fig. 6 . (c). The simulations have been performed for a fixed radio-frequency of f = 2.4 MHz and fixed extraction voltages of V acc = 1400 V with V dec = 150 V. The electric field and absorbed power density distribution are shown in Fig. 7. (a) and (b) , respectively. The field plots correspond to a coil current of Ĩ c = I c =5.28 A; i.e., a purely sinusoidal current with no starting phase, a volumetric xenon flow rate of V̇ = 0.15 sccm, and 116 3 Cartesian mesh nodes within the simulation domain. The coil current chosen corresponds to an extracted current of I b = 5 mA. As explained earlier, the coil current was obtained in an iterative manner using the scaling parameter from Eq. (29) with I b,set = 5 mA. It can be seen that effective plasma heating only occurs near the walls of the discharge chamber. This is partly due to the skin effect and partly due to geometrical properties of the solenoidal induction coil.
After application of Eqs. (25) and (40) Fig. 8. (a) . As can be seen, the change of impedance with respect to flow rate and extracted ion current is comparably low. This is due to the inverse behavior of R s and L s . In order to develop control mechanisms (e.g. for the RFG's matching unit) it is highly desirable to know the dynamic behavior of the resistive and reactive components. With the model proposed, this behavior can be obtained for arbitrary constellations of input parameter sets. Figure 8 . (b) shows a performance map of the thruster that relates total RFG power to propellant flow rate and extracted ion current. It is assumed that RFG and cable losses are no function of the input flow rate and thus can be assumed constant within the area of operation. With this assumption, the simulated lines are in good agreement with values obtained experimentally. As mentioned earlier, the model's output loses reliability for constellations of low flow rate and high extracted current due to the decreasing validity of the fluid assumption. The thruster's performance data is shown in Fig. 9 .. Graph (a) shows deliverable thrust and specific impulse and graph (b) shows mass, electrical, and overall thruster efficiency. The thrust is kept constant using a software PI controller that controls the extracted beam current by adjusting the coil current with respect to flow rate. For high extraction currents fairly high specific impulse is obtainable (> 3000 s). Specific impulse and mass efficiency show basically the same behavior since they both evaluate the amount of consumed propellant to sustain a certain amount of thrust. In contrast to that, the electrical efficiency shows an almost inverted behavior and increases with increasing flow rate and extracted current This results in an overall thruster efficiency that reaches a maximum at a certain flow rate (for each extracted current; i.e., delivered thrust). Since those areas with maximum efficiency-which are relevant for space missions-can be resolved with the proposed model and its predictive power, it can be considered an extremely valuable toolbox for engineering purposes.
Conclusions
In this paper we introduced a self-consistent 0D/3D hybrid model that predicts electrical characteristics as well as propulsive performance parameters of gridded RF-ion thrusters. A 3D electromagnetic field solver that works in the quasi-stationary regime solves the magnetic diffusion equation on a Cartesian simulation grid. The plasma parameters are coupled to the fields within the diffusion equation in terms of a complex conductivity. The data describing the plasma was obtained using fluid equations within the Uniform Density Discharge Model introduced in 5). The combination of 3D electromagnetic field solver and 0D plasma solver offers the opportunity of fast simulation duration and physically correct solutions. To prove this, a theoretical performance map of a RIM-4 thruster was obtained using the model and compared with experimentally obtained values, yielding a good agreement.
Due to its 3D core, the model is capable of accounting for arbitrary coil and discharge chamber geometries. Together with its ability of parameter-sweeping input parameters like coil current, radio-frequency, extraction voltages, and volumetric propellant flow rate, this model can be used to find optimal parameter sets and geometrical relations to achieve a highly efficient discharge.
